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A B S T R A C T

Vaccination is one of the most effective methods to prevent the spread of infectious diseases, but due to
limitations in vaccines’ availability, especially when faced with a new disease such as COVID-19, not all
individuals in the community can be vaccinated. A limited number of candidates should be selected when the
supply of vaccines is limited. In this paper, a method is introduced to prioritize the individuals for vaccination
in order to achieve the best results in preventing the spread of COVID-19. We divide this problem into two
steps: vaccine allocation and targeted vaccination. In vaccine allocation, vaccines are allocated among different
population. An algorithm is proposed by defining the maximization of the total immunity among populations
as an optimization problem. The aim of the targeted vaccination step is to select the individuals in each
population that when vaccinated, create the greatest reduction in the transmission paths of the disease. The
contact tracing data for this step is obtained from wireless communication networks and is modeled using
graph theory. A metric is presented for selection of the candidates, based on centrality metrics. Simulations
indicate that a 30% drop in infection rate could be achieved compared to random vaccination.
1. Introduction

COVID-19 (SARS-CoV-2) is an infectious disease that was first di-
agnosed in December 2019 in Wuhan, China. The World Health Or-
ganization declared the COVID-19 as a public health emergency of
international concern on January, 2020, and a global pandemic on
March 2020.

Many solutions have been proposed to mitigate the effects of the
global pandemic, based on the concept of sustainable cities and envi-
ronments. These include city management (Zhou, Qiu, Pu, Huang, & Ge,
2020), lockdown management (Rahman et al., 2020), and case predic-
tion (Zivkovic et al., 2021). In the same framework of sustainability,
the effects of urban environments on the spread of the disease (Kim,
2021; Kutela, Novat, & Langa, 2021; Li, Peng, He, Wang, & Feng, 2021;
Shokouhyar, Shokoohyar, Sobhani, & Gorizi, 2021) have been explored.

Another way to leverage the concept of sustainable cities to mitigate
the effects of the pandemic is to utilize the wireless communications
infrastructure to gather information, and various machine learning and
optimization methods to use this information to stop the transmission
chain of the virus, e.g. by performing targeted vaccination. Various
methods could be employed to collect this information. These including
Bluetooth signals to detect proximity and duration of contacts (Leith
& Farrell, 2020), base station antennas to determine the locations of
users (cell tower triangulation), the GPS system to locate and track
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users, network of drones connected to a central system (Saeed, Bader,
Al-Naffouri, & Alouini, 2020), wireless sensor networks in the form of
mobile and stationary sensors to monitor individuals (Sun, Lu, Zhang,
Salathé, & Cao, 2016), and scanning QR codes with mobile phones and
storing the contact information of the individuals (Sharma et al., 2020).

Vaccination is one of the most effective methods to prevent the
spread of diseases in the community. But due to the limited resources
currently available, public vaccination is not possible in short term. On
the other hand, due to the high prevalence, if a vaccine is approved,
a fair and optimal distribution of it will be a very important issue,
since it will take a long time to produce enough doses of the vaccine
to vaccinate the entire society. As a result, a limited number of people
should be selected in such a way that vaccinating them would be most
effective in disrupting the transmission chain of the disease.

The authors of Lu, Wen, and Cao (2013) prioritize the target indi-
viduals from the community at large by dividing the community into
smaller groups and analyzing them, without examining individuals. The
method used in Cohen, Havlin, and Ben-Avraham (2003) is based on
the analysis of the eigenvalues of the community graph matrix to vacci-
nate the nodes that maximize these eigenvalues. In Mones, Stopczynski,
Pentland, Hupert, and Lehmann (2018), digital communication activi-
ties of individuals have been utilized for finding target individuals for
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vaccination. Information is collected from several sources, such as Face-
book friendships, Facebook activity/feeds, call records and Bluetooth
for measure in person-to-person contacts; and individuals are selected
on the basis of their closeness centrality within cyber networks. Sun
et al. in Sun, Lu, Zhang, Salathé, and Cao (2015), Sun et al. (2016)
have deployed contact tracing in a high school using a wireless sensor
system. Each student is given a mobile unit to carry in all times, to
record their movements and interactions. The gathered information is
modeled as a graph, and vaccination candidates are selected using cen-
trality metrics. The authors of Lu, Sun, Wen, Cao, and La Porta (2014)
propose a new algorithm based on both intra-central and inter-central
criteria for describing nodes in societies. Several heuristics methods are
proposed in Prakash, Adamic, Iwashyna, Tong, and Faloutsos (2013)
to distribute a fixed amount of resources throughout the nodes of a
network such that the infection rate is minimized. In Fu, Small, Walker,
and Zhang (2008), targeted vaccination has been investigated in scale-
free synthetic networks, assuming a simple disease model with variable
disease rates. An equal graph partitioning strategy is presented in Chen,
Paul, Havlin, Liljeros, and Stanley (2008) to immunize a network with
limited resources. The authors of Zhu, Cao, Zhu, Ranjan, and Nucci
(2012) propose a model where users in a network are first divided
into clusters, and then either all users in each cluster receive a security
software pack to counter the effects of the virus, or none of them does.

In this paper, a method is introduced to find suitable candidates
for vaccination to achieve the best results in preventing the spread
of COVID-19. This method is comprised of two steps: vaccine al-
location and targeted vaccination. In the vaccine allocation phase,
available vaccines are distributed among different population commu-
nities (e.g. different cities) depending on the conditions of each area,
and in the targeted vaccination phase, the best candidates for vaccinate
in each community are determined.

The candidates for vaccination in the targeted vaccination phase
could be determined by different methods and criteria, including ran-
dom vaccination, vaccination based on number of daily contacts with
other people, and vaccination based on predefined protocols. Another
contribution of this paper is proposing a combined metric, based on
a number of centrality metrics in graph theory, to find the optimal
candidates for vaccination.

The rest of the paper is organized as follows; Mathematical model-
ing of the epidemic is discussed in Section 2. The problem of vaccine
allocation is defined in Section 3. The targeted vaccination problem
and the metrics utilized to solve it are examined in Section 4, and the
simulations and their results are provided in Section 5. The conclusions
are provided in Section 6.

2. System and epidemic model

2.1. System model

There are two general types of vaccination strategies; Static and
dynamic methods. In the static strategy, specific protocols are de-
signed by different countries on the basis of their national priorities
and guidelines. By contrast, in the dynamic strategy, protocols are
designed based on mathematical modeling of infectious diseases. In this
paper, a dynamic strategy is proposed to model social contacts and the
vaccination process.

The proposed system model and vaccination strategy are presented
in Fig. 1. The vaccines are first distributed among different populations
based on demographics and disease parameters, and then administered
to the individual candidates proposed by applying predefined criteria
(e.g. number of contacts with other individuals) using the contact
tracing graph model, which is in turn obtained from wireless network
data.
2

Fig. 1. The proposed system model.

Fig. 2. The SIR model.

2.2. Mathematical modeling of the spread of the disease

Compartmental models are mathematical models that divide the
community into a number of ‘‘compartments’’, and move individuals
between them at certain rates. These models are described using sys-
tems of ordinary differential equations, and solution of these equations
describes the number of individuals in each compartment over time and
shows how the disease behaves (Keeling & Rohani, 2011; Kiss et al.,
2017).

2.3. SIR model

The ‘‘SIR’’ model is a simple compartmental model where the indi-
viduals is divided into three groups: Susceptible, Infected, and Recov-
ered. The susceptible group includes individuals who are susceptible to
the disease and if they come in contact with an infected person they
may contract the disease. The infected group comprises of individuals
who have the disease, and the recovered group contains individuals
who recover from the disease, are vaccinated, or die (Hethcote, 2000;
Westerink-Duijzer, 2017).

Suppose that 𝑃 is a set of populations, and 𝑠𝑗 (𝑡), 𝑖𝑗 (𝑡) and 𝑟𝑗 (𝑡) repre-
sent the fractions of the susceptible, infected, and recovered individuals
in population 𝑗 ∈ 𝑃 at time 𝑡, respectively. Denoting the number of
people in population 𝑗 by 𝑁𝑗 , and the number of susceptible, infected
and recovered individuals of this population at time 𝑡 is by 𝑁𝑠𝑗 (𝑡), 𝑁𝑖𝑗 (𝑡)
and 𝑁𝑟𝑗 (𝑡), respectively, It is obvious that 𝑁𝑠𝑗 (𝑡) +𝑁𝑖𝑗 (𝑡) +𝑁𝑟𝑗 (𝑡) = 𝑁𝑗 .

With these definitions, 𝑠𝑗 (𝑡) =
𝑁𝑠𝑗 (𝑡)

𝑁𝑗
, 𝑖𝑗 (𝑡) =

𝑁𝑖𝑗 (𝑡)

𝑁𝑗
and 𝑟𝑗 (𝑡) =

𝑁𝑟𝑗 (𝑡)

𝑁𝑗
.

Afterwards with respect to these relationships:

𝑠𝑗 (𝑡) + 𝑖𝑗 (𝑡) + 𝑟𝑗 (𝑡) = 1 ∀𝑡 ≥ 0,∀𝑗 ∈ 𝑃 . (1)

The SIR model is described by following systems of ordinary differential
equations (Keeling & Rohani, 2011; Kiss et al., 2017):
𝑑𝑠𝑗 (𝑡)
𝑑𝑡

= −𝛽𝑗𝑠𝑗 (𝑡)𝑖𝑗 (𝑡) (2a)

𝑑𝑖𝑗 (𝑡)
𝑑𝑡

= 𝛽𝑗𝑠𝑗 (𝑡)𝑖𝑗 (𝑡) − 𝛾𝑗 𝑖𝑗 (𝑡) (2b)

𝑑𝑟𝑗 (𝑡)
𝑑𝑡

= 𝛾𝑗 𝑖𝑗 (𝑡) (2c)

Where 𝛽𝑗 and 𝛾𝑗 represent the disease transmission rate and recovery
rate, respectively. (2a) states that the change of susceptible individuals
is related to the population of the susceptible group and the number
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Fig. 3. The value of the three compartments of the SIR model, with vaccination occurring at time 𝜏 for population 𝑗. Solid lines represent the vaccinated case and dashed lines
represent the unvaccinated case. It is assumed that vaccination occurs when 2.5% of the population is infected and assumed that 𝛽𝑗 = 4, 𝛾𝑗 = 2, 𝑠𝑗 (0) = 1 − 10−8, 𝑖𝑗 (0) = 10−8 and
𝑗 (0) = 0.
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f infected people. (2c) expresses the relationship between changes in
ecovered and infected Individuals. (2b) can be obtained from the (2a),
1) and (2c). The SIR model described by (2a), (2b) and (2c) is shown in
ig. 2. It is usually assumed that the initial conditions are given, i.e. the
alues 𝑠𝑗 (0), 𝑖𝑗 (0) and 𝑠𝑗 (0) are known.

.4. SEIR model

This model is similar to the SIR model, with the addition of a fourth
xposed compartment 𝑒𝑗 (𝑡). The individuals in this compartment are
nfected but cannot transmit the infection yet. The system of ordinary
ifferential equations describing this model is forumlated as follows:
𝑑𝑠𝑗 (𝑡)
𝑑𝑡

= −𝛽𝑗𝑠𝑗 (𝑡)𝑖𝑗 (𝑡) − 𝜇𝑠𝑗 (𝑡) (3a)

𝑑𝑒𝑗 (𝑡)
𝑑𝑡

= 𝛽𝑗𝑠𝑗 (𝑡)𝑖𝑗 (𝑡) − 𝜎𝑗𝑒𝑗 (𝑡) (3b)

𝑑𝑖𝑗 (𝑡)
𝑑𝑡

= 𝜎𝑗𝑒𝑗 (𝑡) − 𝛾𝑗 𝑖𝑗 (𝑡) (3c)

𝑑𝑟𝑗 (𝑡)
𝑑𝑡

= 𝛾𝑗 𝑖𝑗 (𝑡) (3d)

here 𝜎𝑗 is the rate of exposure.

. Vaccine allocation

The goal of this optimization problem is to distribute a limited num-
er of vaccines among different population communities. The solution
etermines the number of vaccines allocated to each community.

.1. Vaccination and immunity

Vaccination decreases the number of susceptible individuals and
hus reduces the number of individuals who will be infected. In this
roblem, the objective function is defined as the total number of indi-
iduals who do not get infected. Vaccination increases these individuals
n two ways. The first case is for susceptible individuals who have been
accinated, which is called the direct method, and the second case is
or individuals who are not vaccinated but will be less exposed to the
isease when other people are vaccinated, which is called the indirect
ethod.

Suppose a fraction of the population 𝑗 is vaccinated at time 𝜏. This
raction is denoted by 𝑓𝑗 and it cannot be greater than the fraction of
he susceptible individuals at the time of vaccination, so 0 ≤ 𝑓𝑗 ≤ 𝑠𝑗 (𝜏).
he state of the disease at time 𝜏 and exactly before vaccination can
3

e expressed by (𝑠𝑗 (𝜏), 𝑖𝑗 (𝜏), 𝑟𝑗 (𝜏)). Assuming that everyone is immune
mmediately after vaccination, the state of the disease changes to
𝑠𝑗 (𝜏) − 𝑓𝑗 , 𝑖𝑗 (𝜏), 𝑟𝑗 (𝜏) + 𝑓𝑗 ) instantly after vaccination. That is, at the
ime of vaccination, the vaccination fraction 𝑓𝑗 is subtracted from the
usceptible individuals fraction and added to the recovered individuals
raction (Westerink-Duijzer, 2017). Fig. 3 shows the solution of the
qs. (2) of the SIR model with vaccination. It is noteworthy that the
ystem of equations is solved twice, and the initial values of the second
olution are the final value of the first solution. In this figure, the
ashed lines are for the unvaccinated case and the solid lines are for
he vaccinated case. It can be seen that at the time of vaccination 𝜏,
he fraction of susceptible individuals and the fraction of recovered in-
ividuals exhibit a sudden change equal to the value of 𝑓𝑗 . In Figs. 3(a)
nd 3(b), it is assumed that 𝑓𝑗 is equal to 0.2 and 0.4, respectively.
s evident in these figures, with vaccination, the fraction of infected
eople 𝑖𝑗 (𝑡) is lower compared to the case without vaccination (dashed
ine) and it also has a smaller peak. It is also clear that with a greater
accination fraction 𝑓𝑗 (more people vaccinated), the 𝑖𝑗 (𝑡) curve is
uppressed further.

Note that the behavior of the 𝑖𝑗 (𝑡) curve depends on the number of
accines available and vaccination time 𝜏. The number of susceptible
ndividuals who have not been infected is a suitable metric for compar-
ng different methods of vaccine allocation. To this end, the final state
f the system must be considered. Since lim𝑡→∞ 𝑖𝑗 (𝑡) = 0, this state is
lso called the disease-free state. Function 𝐻𝑗 (𝑓𝑗 , 𝜏) is defined as the
inal fraction of susceptible individuals while fraction of susceptible
ndividuals is vaccinated at time 𝜏 in the population 𝑗. Formally,

𝑗
(

𝑓𝑗 , 𝜏
)

= lim
𝑡→∞

𝑠𝑗 (𝑡, 𝑓𝑗 , 𝜏) (4)

here 𝑓𝑗 ∈ [0, 𝑠𝑗 (𝜏)] and 𝜏 ≥ 0.
The immunity of individuals in the susceptible group can be

chieved in several ways. People who receive the vaccine or recover
rom the disease will have immunity. Susceptible individuals whose
ontact with others is confined to a sufficient number of vaccinated
r cured people are also immune to the disease. This type of immunity
s called herd immunity. The part of the population that not get the
isease due to herd immunity is called herd effect. In fact, the herd effect
s equal to the fraction of individuals who are still susceptible to the
isease when the disease dies out (Westerink-Duijzer, 2017). Therefore,
𝑗 (𝑓𝑗 , 𝜏) measures the herd effect on the population 𝑗, according to (4)

and it is appropriate to study this function in more detail.

3.2. The herd effect

In this subsection, the general structure of 𝐻𝑗 (𝑓𝑗 , 𝜏), which measures
the herd effect, is examined. There is no explicit expression for 𝐻 (𝑓 , 𝜏)
𝑗 𝑗
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Fig. 4. Herd effect with respect to the fraction of vaccination and the time of
vaccination.

and it should be calculated numerically. For convenience, the cases of
fixed vaccination fraction and fixed vaccination time are considered
and are denoted by 𝐻𝑗 (𝑓𝑗 ) and 𝐻𝑗 (𝜏) respectively.

Fig. 4 shows as a function of vaccination fraction and vaccination
time. As it can be seen in the figure, this function is decreasing with
respect to time of vaccination and first increasing and then decreas-
ing with respect to the vaccination fraction 𝑓𝑗 . For a closer look,
Fig. 5 represents 𝐻𝑗 (𝑓𝑗 ) and 𝐻𝑗 (𝜏). As evident in Eq. (4) and proven
in Westerink-Duijzer (2017), has one maximum point and one inflection
point. Also it is monotonically increasing up to the maximum point and
monotonically decreasing after that. By evaluating the function 𝐻𝑗 (𝑓𝑗 )
in terms of different 𝛽𝑗 and 𝛾𝑗 ’s, it can be concluded that the general
structure of the function does not depend on these variables and has
a specified shape. As evident in Fig. 5(b), 𝐻𝑗 (𝜏) is strictly decreasing
and its maximum occurs at 𝜏 = 0. By increasing the vaccination time,
more individuals become infected, so the final susceptible individuals
fraction, 𝐻𝑗 (𝜏), decreases. It can be concluded that the best time for
vaccination is at the beginning of the outbreak of the disease and if the
vaccine is not available at that time, vaccination should be performed
as soon as possible and immediately after the vaccine is produced. Note
that, like 𝐻𝑗 (𝑓𝑗 ), The general structure of 𝐻𝑗 (𝜏) is not dependent on 𝛽𝑗
and 𝛾𝑗 ’s values.

3.3. Vaccine allocation problem formulation

Assuming that 𝑉 is the number of available vaccines, the objec-
tive is to maximize the total number of people in different popula-
tions who do not get infected. Considering the optimization variable
𝐟 = [𝑓1, 𝑓2,… , 𝑓

|𝑃 |], The optimization problem can be formulated as
follows (Westerink-Duijzer, 2017):

maximize
𝐟=[𝑓1 ,𝑓2 ,…,𝑓

|𝑃 |]

∑

𝑗∈𝑃
𝑁𝑗𝑓𝑗 +

∑

𝑗∈𝑃
𝑁𝑗𝐻𝑗 (𝑓𝑗 ) (5a)

subject to
∑

𝑗∈𝐽
𝑁𝑗𝑓𝑗 ≤ 𝑉 , (5b)

0 ≤ 𝑓𝑗 ≤ 𝑠𝑗 (𝜏), ∀𝑗 ∈ 𝑃 . (5c)

The first and second terms in (5a) represent the direct and indirect
(herd) effects of vaccination, respectively. (5b) states that the total
number of vaccines distributed among different populations should not
exceed the number of available vaccines. (5c) states that the vaccina-
tion fraction of one population cannot be negative and should at most
be equal to the fraction of susceptible individuals in the population at
the time of vaccination.

The function 𝐹𝑗 (𝑓𝑗 ) is defined as the total effect of vaccinating a
fraction 𝑓 of the population 𝑗. This total effect is resulted from direct
4

𝑗

and indirect (herd effect) methods and can be written as follows:

𝐹𝑗 (𝑓𝑗 ) = 𝐻𝑗 (𝑓𝑗 ) + 𝑓𝑗 , (6)

where the first and second terms represent the direct and indirect (herd
effect) methods of vaccination, respectively. It should be noted that the
objective function in (5) is equal to ∑

𝑗∈𝑃 𝑁𝑗𝐹𝑗 (𝑓𝑗 ). The 𝐹𝑗 (𝑓𝑗 ) function
corresponding to the 𝐻𝑗 (𝑓𝑗 ) function in Fig. 5(a) is shown in Fig. 6(a).
As can be seen, 𝐹𝑗 (𝑓𝑗 ) is a monotonically increasing function, i.e. more
immunity is achieved when more susceptible individuals are vaccinated
in a population and it is better to allocate all available vaccines to the
population. The maximum value of this function occurs in 𝑓𝑗,𝑚𝑎𝑥, which
is equal to the fraction of susceptible individuals in the population 𝑗
at the time of vaccination, i.e. 𝑓𝑗,𝑚𝑎𝑥 = 𝑠𝑗 (𝜏). It should be noted that
usually, due to the lack of vaccines, not all susceptible individuals can
be vaccinated at the time of vaccination, i.e. usually 𝑓𝑗 ≠ 𝑓𝑗,𝑚𝑎𝑥, but
𝑓𝑗 should be as large as possible. It is also noteworthy that extensions
of the SIR model, such as the SIR model with demography, the MSIR
model, and the SEIR model yield very similar results, which can be
verified easily.

Assuming that there are two populations 𝑃 = 1, 2, the objective
function can be written as 𝑁1𝐹1(𝑓1)+𝑁2𝐹2(𝑓2). Fig. 6(b), represents this
function assuming 𝐻1(𝑓1) = 𝐻1(𝑓1) and 𝑁1 = 𝑁2 = 1. In fact, 𝛽, 𝛾 and
the initial values of the two populations are assumed to be identical.
The objective function does not depend on the values of 𝑁1 and 𝑁2,
but on their ratio. It is also evident that this function is monotonically
increasing with respect to both 𝑓1 and 𝑓2.

In Fig. 7, the objective function is drawn for 𝑁1 = 1, 𝑁2 = 2 and
𝑁1 = 1, 𝑁2 = 10. As it can be seen, by increasing 𝑁2, the sensitivity of
the objective function to 𝑓1 decreases. Compared to the case of 𝑁1 =
𝑁2 = 1, the value of 𝑁1𝐹1(𝑓1) +𝑁2𝐹2(𝑓2) changes less with 𝑓1. This is
a result of the fact that smaller populations have fewer individuals and
their immunity has less overall impact than larger populations.

3.4. Solution of the vaccine allocation problem

So far we have only examined the objective function of the opti-
mization problem (5), and have not analyzed the constraints. In this
examination, it was concluded that the objective function is strictly
increasing with respect to 𝑓1 and 𝑓2 and reaches its maximum value
at (𝑓1,𝑚𝑎𝑥, 𝑓2,𝑚𝑎𝑥) point (assuming |𝑃 | = 2). It should be noted that this
value violates constraint (5b), and as a result, is not in the feasible set.
Assuming that there are two populations, constraint (5b) represents
the half-plane at the bottom of the 𝑁1𝑓1 + 𝑁2𝑓2 = 𝑉 line. This line
intersects the axes 𝑓1 and 𝑓2 at points 𝑉

𝑁1
and 𝑉

𝑁2
, respectively. Also,

constraint (5c) describes a rectangle with two opposite vertices (0, 0)
and (𝑠1(𝜏), 𝑠2(𝜏)). Assuming 𝑠1(𝜏) >

𝑉
𝑁1

and 𝑠2(𝜏) >
𝑉
𝑁2

(if any of these
two inequality does not hold, the feasible set would become smaller)
the contour plots of the objective function and the feasible set are
presented in Fig. 8 for different values of 𝑁1 and 𝑁2. 𝛽, 𝛾, and the
initial values of the populations are assumed to be identical.

Two observations can be seen on this figure. First, by increasing
𝑁2, the objective function becomes more sensitive to changes in 𝑓2,
and less sensitive to changes in 𝑓1. Second, by increasing 𝑁2, the value
of 𝑉

𝑁2
, which is the point of intersection of the line 𝑁1𝑓1 +𝑁2𝑓2 = 𝑉

with the 𝑓2 axis, decreases, and large values cannot be chosen for 𝑓2. As
already mentioned, constraint (5) must be active, therefore in Fig. 8 the
feasible points must reside on the line passing through the points ( 𝑉𝑁1 , 0)
and (0, 𝑉

𝑁2 ), and the two dimensional feasible set is reduced to a line
segment (to a |𝑃 − 1| dimensional hyper-plane in general). According
to this perceptive, by observing Fig. 8, by increasing the value of 𝑁2,
the values of the objective function that on the line passing through the
two points ( 𝑉𝑁1 , 0) and (0, 𝑉

𝑁2 ), which are less sensitive to 𝑓1 and 𝑓2 and
have an almost constant value.

To solve this optimization problem numerically, given the concave
structure of the objective function, an algorithm inspired by the gradi-
ent descent method can be utilized. For the two-variable optimization
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Fig. 5. Herd effect function.
Fig. 6. The Total Effect of Vaccination.
Fig. 7. The objective function of (5), assuming to have two populations and 𝑁1 ≠ 𝑁2.
problem (|𝑃 | = 2), an arbitrary point on the 𝑁1𝑓1 + 𝑁2𝑓2 = 𝑉 line is
selected, and is iteratively moved on the 𝑁1𝑓1 +𝑁2𝑓2 = 𝑉 line in the
direction that the value of the objective function increases, in order to
reach the maximum point. The pseudo code of proposed algorithm is
represents in Algorithm 1. To solve a problem with larger dimensions,
we can proceed like a two-variable problem, except that the feasible
points have higher dimensions (one less than the dimensions of the
problem variable). Another method is to find the vaccination fraction
ratio for both populations using Algorithm 1 and finally distribute the
vaccines based on these ratios.
5

4. Targeted vaccination

In this section, the disease propagation graph is first introduced,
and then a targeted vaccination algorithm is presented to control the
pandemic.

4.1. Disease propagation graph

Since the disease can spread via physical contact between infected
and susceptible individuals, we could utilize a graph to model the
transmission of the disease, where the nodes represent individuals and
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Fig. 8. Contour plot of the objective function and the feasible set of the optimization problem (5) for different values of 𝑁1 and 𝑁2. It is assumed that 𝑠𝑗 (𝜏) >
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Algorithm 1: Optimization algorithm for two variable problem
Input: 𝑁1, 𝑁2, 𝑉 , 𝛥 > 0, 𝜖 > 0
Output: 𝐟∗ = (𝑓 ∗

1 , 𝑓
∗
2 )

1 Initialization:𝑓 0
1 , 𝑓

0
2 such that 𝑁1𝑓 0

1 +𝑁2𝑓 0
2 = 𝑉

2 𝑘 = 0;
3 𝐹 (𝐟 ) = 𝐹 (𝑓1, 𝑓2) = 𝑁1𝐹1(𝑓1) +𝑁2𝐹2(𝑓2);
4 𝐝 = (1, −𝑁1

𝑁2
);

5 do while 𝑔 > 𝜖 do
6 𝑔1 = 𝐹 (𝐟𝑘 + 𝛥 ⋅ 𝐝) − 𝐹 (𝐟𝑘);
7 𝑔2 = 𝐹 (𝐟𝑘 − 𝛥 ⋅ 𝐝) − 𝐹 (𝐟𝑘);
8 if 𝑔1 > 𝑔2 and 𝑔1 > 0 then
9 𝐟𝑘+1 = 𝐟𝑘 + 𝛥 ⋅ 𝐝;
0 else if 𝑔2 > 𝑔1 and 𝑔2 > 0 then
1 𝐟𝑘+1 = 𝐟𝑘 − 𝛥 ⋅ 𝐝;
2 else
3 break;
4 end
5 𝑔 = max(𝑔1, 𝑔2);
6 𝑘 = 𝑘 + 1;
7 end
8 𝐟∗ = 𝐟𝑘+1.

the edges represent the existence of contact between two people. This
graph is called the disease propagation graph (Sun et al., 2016), and it is
defined as 𝐺 = (𝑉 ,𝐸,𝑊 ) where 𝑉 = {𝑣1, 𝑣2,… , 𝑣𝑁𝑉 } is the set of graph
odes (individuals in the community) and 𝐸 = {𝑒1, 𝑒2,… , 𝑒𝑁𝐸 } ⊆

(𝑉
2

)

is the set of graph edges (possibility of transmission between people)
with weights 𝑊 ∶ 𝐸 → R+ assigned to the edges. 𝑁𝑣 and 𝑁𝑒 represent
the number of people in the study population and the number of
connections between them, respectively. The elements of set 𝐸 are
ordered pairs; In other words, for 𝑢, 𝑣 ∈ 𝑉 , there exists an edge 𝑒 =
(𝑢, 𝑣) ∈ 𝐸 if and only if there is a connection between 𝑢 and 𝑣. Since the
disease can be transmitted in both directions, this graph is undirected.
The weight of each edge in the disease propagation graph indicates
the probability of disease transmission between the two nodes. These
weights depend on the frequency of contacts between the people and
their locations (indoors or outdoors).

4.2. Metrics

The importance of each node in the spread of the disease can be
measured by metrics such as degree centrality, betweenness centrality,
and closeness centrality (Brandes, 2001; Sun et al., 2015, 2016) A new
metric called connectivity centrality is defined as follows:

𝐶𝑐𝑜𝑛 =
∑

𝑣≠𝑢,𝑣∈𝑉
𝑐(𝑢, 𝑣), (7)

where 𝑐(𝑢, 𝑣) is equal to 𝑤(𝑢,𝑣)
ℎ(𝑢,𝑣) if there exists a path between nodes 𝑢

and 𝑣 and to zero if there are no paths between nodes 𝑢 and 𝑣, 𝑤(𝑢, 𝑣)
is weight of the edge between 𝑢 and 𝑣 nodes; and ℎ(𝑢, 𝑣) indicates the
number of paths from node 𝑢 to node 𝑣. It should be noted that after
6

calculating the values of each centrality metric for nodes in the graph,
the nodes that have the highest value for each metric are not necessarily
candidates for vaccination, since some nodes might be infected and it
is pointless to vaccinate infected people.

4.2.1. Infection susceptibility and infecting ability metrics
The centrality metrics determine the vertices that impact the great-

est number of nodes. To find the best vaccination candidates, proximity
to infected nodes should also be taken into account. Infecting ability,
and infection susceptibility metrics are defined for this purpose. Infect-
ing ability is defined as the ability of each individual to infect other
people in the community, and infection susceptibility is defined as the
probability of getting infected for each node.

The set of all infected nodes is denoted by 𝐼 . To calculate the
infecting ability metric, it should be noted that, no one can infect a
node that is already infected and the impact of any given node on other
nodes that are close to infected nodes is negligible. Infecting ability is
then defined as follows (Sun et al., 2016):

𝜑(𝑢, 𝑣) =
∑

𝑣≠𝑢,𝑣∈𝑉
𝑐(𝑢, 𝑣), (8)

nd infection susceptibility is defined as follows:

(𝑢, 𝐼) =

{

1 if 𝑢 ∈ 𝐼
∑

𝑣∈𝑁(𝑢) 𝜓(𝑣, 𝐼) ⋅
𝑤(𝑢,𝑣)

max𝑤∈𝑉 𝐶𝑑 (𝑤)
if 𝑢 ∉ 𝐼 (9)

here 𝐶𝑑 is degree centrality. (9) is a recursive model, and the linear
quations system should be solved in order to obtain infection sus-
eptibilities. To more accurately assess the eligibility of the nodes for
accination, both infecting ability and infection susceptibility should
e taken into account. To achieve this, these two metrics could be
ombined as in a new metric, which we call combined susceptibility
etric (Sun et al., 2016):

(𝑢, 𝐼) =
𝜑(𝑢, 𝐼)

max𝑣∈𝑉 ⧵𝐼 𝜑(𝑣, 𝐼)
⋅

𝜓(𝑢, 𝐼)
max𝑣∈𝑉 ⧵𝐼 𝜓(𝑣, 𝐼)

, (10)

where 𝑉 ⧵ 𝐼 = {𝑣|𝑣 ∈ 𝑉 , 𝑣 ∉ 𝐼}.
In the targeted vaccination algorithm, the candidate nodes for vac-

cination are selected and vaccinated based on an appropriate metric.
After calculating the metric for all nodes, the node with the highest
value is vaccinated if it is susceptible to the disease. The vaccinated
node is then removed from the graph, and the graph is updated. This
process is then repeated until all available vaccines are administered.

5. Simulation and results

The proposed method has been simulated using ‘‘Primary school -
cumulated networks’’ dataset (Stehlé et al., 2011), which is a contact
tracing network, representing a weighted graph of daily face-to-face
contacts among 242 individuals.

The SIR model has been utilized in simulating the spread of the
disease. On the first day, 1% of the nodes are randomly infected, and
the rest of the nodes are considered susceptible to infection, and the
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Fig. 9. An example of the spread of the disease and vaccination. The blue, red, and green nodes indicate susceptible, infected, and recovered individuals, respectively. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 10. Fraction of susceptible, infected and recovered individuals assuming 𝛼 = 𝑓 = 0.2.
infection spreads among the individuals. After the number of infected
nodes exceeds 𝛼𝑁𝑉 (where 𝛼 controls the vaccination time), 𝑓𝑁𝑉
vaccines are administered to the nodes obtained from the proposed
method (where 𝑓 is the fraction of the population that is vaccinated).
The disease continues to spread after vaccination, until no infected
nodes remain, and the disease is eradicated.

The graph of susceptible, infected, and recovered individuals are
plotted in Fig. 9. In this figure, blue, red and green nodes represent
the susceptible, infected, and recovered individuals, respectively. This
figure shows the spread of the disease and the administration of the
vaccine. In Fig. 9(a), before the disease begins spreading, 1% of the
nodes are considered infected and the rest are susceptible to the disease.
Also, 𝛼 and 𝑓 are both assumed to be equal to 0.2. Fig. 9(b) shows the
status of graph right before vaccination. Immediately after vaccination,
the status of graph changes to Fig. 9(c). Then the disease continues
spreading, until finally, in Fig. 9(d) it dies out and the graph reaches
its steady state.

Fig. 10 shows the fractions of susceptible, infected, and recovered
individuals over time. Vaccination is not performed in Fig. 10(a), and
the disease dies out due to the herd effect. In Figs. 10(b) and 10(c),
vaccination is performed randomly and based on degree centrality,
respectively. In these two figures, the fractions of susceptible and
infected individuals abruptly change by a value equal to the vaccination
fraction. It is obvious that targeted vaccination reduces the maximum
fractions of infected individuals.

Fig. 11(a) represents the infection slope normalized to beta over
time. The infection slope is defined as 𝑑𝑖(𝑡)

𝑑𝑡
. This slope represents the

derivative of the red curve in Fig. 10. As expected, when the number
of susceptible individuals is large, the infection slope is high. After
vaccination, the infection slope decreases but remains positive until the
number of infected individuals reaches its peak and the slope reaches
zero. After that, the infection slope becomes negative and finally, due
to the herd effect, the disease dies out and the infection slope reaches
zero again. It is observed that targeted vaccination using any metric can
reduce the infection rate after vaccination and bring it down to zero.
7

However, as the figure suggests, using the combined metric results in
an immediate reduction in the rate of infection after vaccination, and
keeping the infection rate lower (more negative) in comparison to other
metrics. Immediately after vaccination, the infection rate in the case of
vaccination using the combined metric is about 30% lower than the
random vaccination.

Fig. 11(b) shows the infection rate when using the combined metric
for vaccination of two different populations. As it is expected, when the
number of vaccinated individuals increases, the disease is better con-
trolled. The figure also shows that the infection rate after vaccination
is much lower for 𝑓 = 0.4 and reaches zero slope (eradication of the
disease) faster than 𝑓 = 0.25.

Fig. 12 presents the results of SEIR model. Figs. 12(a) and 12(b)
are similar to Fig. 10(c) and Fig. 11(a). Fig. 12(a) shows the fraction
of susceptible, exposed, infected, and recovered individuals over time.
Fig. 12(b) shows the infection rate over time. The combined metric
outperforms the others.

6. Conclusion

In this paper, a vaccination strategy was proposed to allocate a
limited number of vaccines among different populations, and to vacci-
nate the most effective candidates in disrupting the transmission chain
of the disease in each population. The proposed vaccination strategy
is divided into two parts: vaccine allocation and targeted vaccina-
tion. In vaccine allocation, all available vaccines are allocated among
populations so that total immunity is maximized. Then in targeted
vaccination, individuals are prioritized according to an appropriate
predefined metric. To facilitate the prioritization of the individuals,
graph-based methods and contact tracing data obtained from wireless
communication networks are used. By investigating different metrics,
such as, degree centrality, and connectivity centrality, a combined met-
ric was proposed to model infecting ability and infection susceptibility.
The results of the simulations indicate that this combined susceptibility
metric can control the spread of the disease faster than any other metric
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Fig. 12. Simulation of the SEIR model assuming 𝛼 = 𝑓 = 0.2.
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on its own, and achieve a 30% drop in infection rate immediately after
vaccination compared to random vaccination.
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